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Abstract. In this paper, we discuss about spectrum properties of self-adjoint operator. Relation
between self-adjoint operator and normal operator is used to show that the spectrum of self-
adjoint operator is subset of R. Furthermore, by using norm properties of bounded-linear operator
and real polynomial we derived the relation between spectrum and norm of operator polynomial.

1. Introduction
Functional analysis is a branch of mathematics. The concept of eigenvalues of matrix play fundamental
role in functional analysis. Linear operators in complex vector spaces always have a representation
matrix, so that the spectral theory in finite dimension vector space equivalent with the spectral theory of
the matrix. In other side, linear operators in infinite dimension complex vector spaces do not have a
representation matrix. The notion of the eigenvalue was generalized from finite dimension of vector
space to infinite dimension. It means, the set of Eigen values of a matrix was generalized to be spectrum
of a linear continuous operator.

This shows how important spectrum is. This is supported by Mendelson and Tomberg which states
that some discussion about spectrum will be necessary later in the development of functional analysis
studies [1].

Definition 1.1 [2]
If V and W are vector spaces, a mapping A: V — W is said to be linear in case
i. Aisadditive: A(x +y) = Ax + Ay, forallx,y € V.
ii. A is homogeneous: A(A1x) = A(Ax) for all x € V and scalar A.
Definition 1.2.
If V and W are normed spaces, a linear mapping A:V — W is said to be bounded if there is ¢ € R such
that ||Ax|| < c||x|| forall x € V.
There is a theorem about the relation between linear continuous mapping and bounded linear
mapping. The theorem as following:
Theorem 1.1. [2]
Let V and W be normed spaces, A:V — W a linear mapping. The following condition on A are
equivalent:
i. A is a continuous mapping.
ii. A is continuous at some point xq € V.
iii. A is continuous at 8 € V.
iv. {||Ax||: [lx|] < 1} is bounded set of real numbers.
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v. There exists a constant M = 0 such that ||Ax]|| < M||x|| forall x € V.

In view of this theorem, continuous linear mappings between normed spaces are also bounded linear
mappings. We know that a mapping between normed spaces is called operator. Furthermore, in this
paper bounded linear mapping or continuous linear mapping are called bounded operator.

Let H be Hilbert space. A collection of bounded operator A: H = H denote by B(H). Note that, for
every bounded operator A: H — H there is A*: H — H operator such that for every x,y € H we
have(A(x),y) = (x, A*(y)). Furthermore, A* is called adjoint operator.

Definition 1.3. [3]

An operator A € B(H) is said to be normal in case A*A = AA*/
Definition 1.4. [3]

Operator A € B(H) such that A = A" is called self-adjoint operator.

2. Discussion
Definition 2.1 [4]
Suppose A € B(H). The spectrum of A denoted by a(A) is defined by
0(A) = {1 € C: A — Al not invertible} €))

Furthermore, complex numbers A is called proper values for operator A if there is x # 6 such that
Ax = Ax. Equivalently, 4 € C is proper value for operator A if and only if there is x # 8 such that
||Ax — Ax|| = 0. From this properties, we can define approximate proper value or AP-value for operator
A as a collection of A such that for every € > 0 there exists x € H, [|x|| = 1 such that ||Ax — Ax|| < e.
Suppose that x € H, ||x|| # 0 we can define

! x 2

x'=—
IxI @

thus we have ||x'|| = 1, therefore

1Ax" — Ax'|| < ¢ (3)
||Ai— zi” <e @)

lxll Il
|Ax — Ax|| < ellx]| (5)

Furthermore, we can defined [1(A) = {1 € C: A approximate proper value for operator A} is said
to be approximate point spectrum for operator A or AP-spectrum.-

Theorem 2.1
If A € B(H), thenTI(A) € a(4).
Proof. Suppose that A € g(A), thus A — Al invertible. Consequently, for every x € H we have
lxll = 11(A = AD~* (A = ADx|l < I(A — 2D~ HII(A — ADx]. (6)

Therefore, for every x € H we have ||Ax — Ax|| = €||x|| fore = WTll)_l”' Briefly, 1 ¢ T1(A).

Theorem 2.1 show that I1(A) € a(A) for every A € B(H). It will be valid for the contrary if A is
normal operator. It can be seen on theorem 2.2 as below:
Theorem 2.2.
If A € B(H) normal operator, then T1(4) = a(A).
Proof. It follows from Theorem 2.1 that I1(4) € (A). So, we need only prove a(A) S I1(A). Let A &
[1(A), then there exists € > 0 such that for every y € H we have

lAy — 2yl = ellyll. (7

Since A is normal operator, it follows that A — Al be normal operator. Consequently, for every y € H,
we have

A"y — Ayl = ellyll. ¥
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Suppose that y be orthogonal vector of the range of A — Al, therefore for every x € H it follows
((A — ADx, y) = 0. Furthermore, we have ((A* — A)x, y) = 0. Consequently, since

0=[lA"y — Ayll = ellyll ©)
it follows that y = 0. On other words, (A — AI) is invertible and therefore A & a(A).

Beside above properties, there is some other properties of bounded operator. We can look on the
following theorem:
Theorem 2.3.
If A € B(H) such that || — A|| < 1, then A is invertible.
Proof. Define a« = 1 — ||I — Al|, it follows @ > 0. Suppose x € H, then

1A = [|x = (x = AG)|| = llxll = lx = Al = (1 = [II = ADllx|l = ellx]l. (10)

Therefore, A is bounded below. Define M = {y € H|y = A(x),x € H} and § = inf{||x — y|||x €
H,y € M}. We will show that § = 0. Suppose otherwise, § > 0. Since 1 — @ < 1, there exists x € H
and y € M such that |[x — y|| < %. It follows that

S<lx=y)—Alx =Y <1 =Allllx —yll = A —allx —yl) < 4. (1D
It means, § < é which is a contradiction. Therefore, we can conclude that § = 0.

Theorem 2.4.
Let A € B(H), A € d(A) then |A]| < ||A]l.

Proof. Suppose that A > ||A||. It was seen from Theorem 2.3, it follows I — % is invertible. Consequently,
A — Ais invertible. Thatis 1 ¢ o(4).

Theorem 2.5.
Let A € B(H) self-adjoint operator, then 6(A4) € R.
Proof. Suppose A € R, thus for every x # 0 we have

A=2lIxIZ>0= |- |(x,x) > 0= ((|1-2])x,x) > 0 = [(Ax,x) — (Ax,x)| >0 (12)
Moreover, we have |((A —Dx,x) — ((A — i)x, x)| > 0. Consequently,

2||Ax — Ax|lllx|l > 0 (13)

That is ||[Ax — Ax|| > 0, for every x € H. Since A self-adjoint operator, then A is normal operator.
Moreover, by Theorem 2.2 we have x & a(4).

Theorem 2.6.
Let A € B(H) and p is polynomial, then
a(p(4)) = p(a(4)) = (p(W)2 € a(4)}. (14)
Proof. Suppose that A, € C. We know that 1 = A, is roots of p(1) = p(1y), moreover there exists q
polynomial such that p(1) — p(4y) = (4 — 49)q(4). Similarly, we have
p(4) —p(Ao) = (A — 2)q(A). (15)
Since Ay € a(4), it follows A — A, is not invertible. Therefore, p(A) — p(4,) is not invertible, that is
p(Ay) € a(p(A)). Consequently, p(O'(A)) c J(p(A)). Moreover, suppose Ay € cr(p(A)) and
A1, Ag, v, Ay ToOtS Of p(A) = Ay. Therefore, we have
p(A) — g = a(A—2)(A—22) ... (A— Ap), (16)
for scalar @ # 0. Since 44 € a(p(A)), then there is at least one j with 1 < j < n such that A — 4; is not
invertible. For this j, 4; € 0(A) and p(lj) = Ao, therefore p(/lj) € a(p(A)). Consequently, p(a(4)) ©
a(p(A)). So, we can conclude that p(a(A)) = a(p(A)) ={p(D)|1 € a(4)}.

As theorem 2.5, the following theorem give the properties of spectrum of self-adjoint operator.
Theorem 2.7.
Let A € B(H) self-adjoint operator then ||A|| = sup{|1]: 2 € a(4)}.
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Proof. Define a := sup{|A|: 1 € a(A)}. By Theorem 2.4 we have a < [|A]|. Furthermore, we have to
prove that ||A|| < a. It can prove by using ||A]|? € I1(42%). For every x € H we have
1A2(x) — 22x]1? = |A2()|l = 222[|ACO 12 + 2*Ix]1?, (17)
for A € R. Let (x,,) € H be sequence of unity vector such that |[A(x,)|| — ||A|| for every n —» o and
A = ||A]|, then for n —» o we have
142 () = 220 |l < (IANTAG)ID? = 2221 ACe)I* + A* = A* = 22||A(x)I? = 0. (18)
Therefore, we have conclussion that ||4]|? € T1(42).

From theorem 2.6 and theorem 2.7, we can derived the relation between spectrum and norm of
operator polynomial as the following theorem.
Theorem 2.8.
Let A € B(H) self-adjoint operator and p be a real polynomial, then
lp(AIl = sup{lp(4)|: 1 € 0 (4)}. (19)
Proof. By using Theorem 2.7, for A € B(H) self-adjoint operator we have ||A|| = sup{|A]: 1 € a(A)}.
Therefore, we get |[p(A)|| = sup{lxll:/l € a(p(A)) } Based on Theorem 2.6,
a(p(4)) = p(a(4)) = {p(A): 1 € a(4)}. (20)

Furthermore, we obtained
(Al = sup{|A|: 2 € p(c(4))} =sup{lp(A)|: 2 € 5 (4)}. (21)

Conclusion
The spectrum of self-adjoint operator is subset of R. Self-adjoint operator has relation with real
polynomial, for A € B(H) self-adjoint operator and p be a real polynomial, we have

(Al = sup{lp(4)]: 1 € 0 (A)}.
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